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Abstract 

The notion of extension of a given C*-category C by a C*-algebra A is 
introduced. In the commutative case A — C(Q), the objects of the exten- 
sion category are interpreted as fiber bundles over Q of objects belonging 
to the initial category. It is shown that the Doplicher-Roberts algebra 
(DR-algebra in the following) associated to an object in the extension of 
a strict tensor C*-category is a continuous field of DR-algebras coming 
from the initial one. In the case of the category of the hermitian vector 
bundles over Q the general result implies that the DR-algebra of a vec- 
tor bundle is a continuous field of Cuntz algebras. Some applications to 
Pimsner C^-algebras are given. 

1 Introduction. 

It is well known that tensor categories play an important role in the theory 
of duality. In particular in the basic paper suitable abstract strict ten- 
sor C*-categories are characterized as duals of compact groups. One of the 
steps of the proof of that result is the association of a C*-algebra, called 
the DR-algebra, to each object of the given strict tensor C*-category. 
Some of these C*-algebras have been studied (jl^, |, |o| [n], [y|) and oth- 
ers are well known (M); the aim of this work is to start the study of DR- 
algebras arising from a certain class of strict tensor C*-categories, having 
not trivial space of intertwiners of the identity object. Such categories 
have already been studied in the context of superselection structures, in 
the case where the fixed point algebra of a crossed product has a non triv- 
ial center (see |j) and related references). The present paper is organized 
as follows: 

In section 2 some basics are given about strict tensor C*-categories, 
DR-algebras and continuous fields of C*-algebras with a circle action. 
Furthermore some preliminary results are illustrated. 

In section 3 we introduce a simple procedure for extending a given 
C*-category C by a unital C^-algebra A. The objects of the extended 
category C A are projections in the spatial tensor product A ® (p, p) for 
some object p in C. We give in the commutative case A = C(fi) a picture 
of the extension as the categorical analogue of a fiber bundle over fi, and 
show that it inherits naturally the tensor structure by C. We also give a 
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description of £ c ( n ) in terms of principal bundles, associating to objects of 



the extension category elements of suitable cohomology sets (Prop. 3.11). 

In section 4 we study DR-algebras associated to objects of C A . Our 
main result is that in the commutative case they have the structure of 
continuous fields of C*-algebras, whose fiber is given by DR-algebras as- 
sociated to objects of C (Thm. i.t). Particular care is given at the case of 
Hermitian vector bundles, whose associated DR-algebra is a continuous 
field of Cuntz algebras. We prove that the isomorphism between the as- 
sociated DR-al gebra s does not imply the isomorphism between the vector 
bundles (Prop. 4.10), so that classification questions arise. 

In section 5 we return to the case in which A is non commutative and 
investigate the existence of tensor products on our extension categories. 
Further structure has to be added to obtain a tensor product: we need 
an abstract analogue of the left action on a Hilbert C*-bimodule, so we 
consider endomorphisms of the form A — > A <S> (p, p) (see jlij], §1.7). With 
a technical assumption (namely the existence of a unique C*-norm over 
(p, p) <g> a ig A extending the C*-norms of the factors for each o bject p in C) 



we construct a tensor product on the extension category (Prop. 5.3). As an 
application of the abstract results we characterize Hilbert C*-bimodules 
of the form X = £ ®z A, where Z denotes the center of A and £ is the 
module of sections of a vector bundle over spect(Z), in terms of properties 



of the Pimsner C^-algebra associated to X (Prop. 5.7). 

Some of the results in section 4 have been proved independently (and 
previously) by J.E. Roberts ]34|. 



2 Preliminaries. 
2.1 DR- Algebras. 

A detailed exposition of tensor categories can be found in ]24| ; in jl4| strict 
tensor C*-categories with conjugates are considered and illustrated by 
examples, and the notion of DR-algebra is introduced (in both references 
the term monoidal is used instead of tensor). More recent developements 
on strict tensor C*-categories can be found in p3[ ; we refer to this paper 
for the definition of conjugates. 

To each object p of a strict tensor C*-category C is canonically associ- 
ated a C*-algebra O p , whose construction we briefly recall. We consider 
for each k in Z the Banach space Op defined by the inductive limit 

Xlp r + k\ xl P I 7- + 1 r + k + l\ xl P 
-■ >(P ,P ) ► [P ,P ) > •■• 

having assumed that tensoring on the right with the identity arrow l p 
is an isometric map. Note that Op is a C*-algebra. The direct sum 
°O p := ffifcOp, with product given by composition of arrows and involution 
induced by the analogue categorical structure, is a ^-algebra. On °O p is 
naturally defined a circle action, assigning to each z in T the map 



<p z (t k ) ~ z k t k (2.1) 

where t k G Op. Such a structure is called a Z-graded C^-algebra. It can be 
shown that there exists a unique C*-norm on °O p extending the C^-norm 
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on 0° p such that (2.1) extends to an automorphic action; the completition 
O p is called the DR-algebra associated to p. The isomorphism class of 
O p does not change as p varies in its unitary equivalence class (we say 
that p is unitarily equivalent to a if there exists u 6 (p, a) such that 
it* o u — l p , u o u* = lo-): in fact, for each suitable r, k £ Z we have the 
Banach space isomorphisms 

(p r ,p r+k ) -> K' 



(2.2) 



(in the following we will adopt this notation also when, more generally, 
uou* 7^ 1 CT ) realizing an isomorphism of Z-graded C*-algebras and hence a 
grading preserving isomorphism at the level of the associated C*-algebras. 
In particular for p = a the algebra O p is acted upon by the group U p of 
unitary arrows in (p,p). O p is also naturally equipped with a canonical 
endomorphism p obtained by tensoring on the left with the identity arrow 
l p . Note that p commutes with the action of U p . 

A similar construction can be done in the more general setting of 
strict semitensor C^-categories (see jnj]: roughly speaking, at the level 
of arrows, only the operation of tensoring on the right with an identity 
arrow is allowed), for example the category of finitely generated Hilbert 
bimodules. 

Examples of DR-algebras are the Cuntz algebras O n , associated to n- 
dimensional Hilbert spaces with n < oo (at infinite dimension the Cuntz 
algebra Oac is strictly contained in the DR-algebra associated to the 
Hilbert space, see ||), the Pimsner C*-algebras p9| , [Hj associated to 
Hilbert bimodules and the algebras Oa associated to representations of a 
compact Lie group G E ]. 

2.2 Continuous Fields of C*-algebras with a circle 
action. 

The following definition for continuous fields of Banach spaces and C*- 
algebras appears in pCj. Although less general, it has the advantage of 
being less technical in comparison with the original one || [To). The two 
definitions coincide for a compact base space, that is the case in which we 
are interested. 

Definition 2.1. A continuous field of Banach spaces over a locally com- 
pact Haussdorff space Q is a pair (X, 7r„ : X — > X u ), where X is a Banach 
space and (71-^)^ is a family of surjective Banach space maps indexed by 
the points ofQ. The Banach spaces X^ are called the fibers of X in oj. For 
each x in X the family ( (x))ui is called the vector field associated 

to x. We require the following properties: 

(1) the norm function u) >—> \\x u \\ belongs to Co(fi) for each x £ X 

(2) for each x in X, \\x\\ = sup ||a; w || 

(3) X is a Co(fi) -module w.r.t. pointwise multiplication by continuous, 
vanishing at infinity maps over Q.. 



3 EXTENSIONS OF C*-CATEGORIES. 



The corresponding definition for continuous fields of C*-algebras is 
analogous. If (A, A — > AJ) is a continuous field of C*-algebras then 
A is called the C*-algebra of the field. For further basic notions and 
terminology (morphisms, local triviality) see the references above. 

We now give a characterization of locally trivial continuous fields of 
C*-algebras with constant fiber A^ = A in terms of the cohomology set 
H 1 (Sl,autA) (see Jl^ for the definition), where the group of automor- 
phisms autA is endowed with the pointwise convergence topology. These 
classical ideas were first stated in §26 for continuous fields having as 
fiber the compact operators, but the same argument works in the general 
case. The proof of the next theorem, that we omit, is based on usual 
arguments of transition functions for fiber bundles and makes use of a 
clutching lemma (Q 10.1.13). The hypothesis of connectedness is nec- 
essary to fix the fiber, and the compactness of fi can be replaced with 
paracompatness using the definition by Dixmier and Douady. 

Theorem 2.2. Let f2 be a compact connected Haussdorff space and A a 
C*-algebra. Then there is a bijective correspondence between the set of 
isomorphism classes of locally trivial continuous fields of C*-algebras with 
fiber A over fi and the cohomology set H 1 {Q,,autA). 

By a general result (§§) we have ii" 1 ^™, G) = 7r n „i(G)/7r (G) for 
each topological group G, where S n denotes the n-sphere and no(G) is 
the set of connected components of G. Thus the classification of locally 
trivial continuous fields of C*-algebras over the n-spheres is equivalent to 
the homotopy theory of the group of automorphisms of the fiber. There 
are several results in this direction in the case of AF-algebras p7| , p6| , psjlfj. 
The next corollaries will be used and illustrated by explicit examples in 
the sequel. 

Corollary 2.3. With the notation of the previous theorem, let (A, a) be 
a C*-dynamical system over a topological group G. Then a induces a 
map from H (Q, G) into the set of isomorphism classes of locally trivial 
continuous fields of C*-algebras with fiber A. 



By the previous corollary, the existence of the automorphic action (2.1) 
and the well known isomorphism _f/ 1 (Jl,T) ~ H 2 (fl,7*) we deduce the 
following result: 

Corollary 2.4. Let A be a C*-algebra carrying a strongly continuous T- 
action by automorphisms (as in particular a DR-algebra). Then each el- 
ement of the Cech cohomology group H 2 (fi,Z) defines a locally trivial 
continuous field over Q with fiber A. 



3 Extensions of C*-Categories. 

Let C be a C*-category and A a C*-algebra with identity 1. Given a 
pair p,a of objects in C we consider the space of arrows (p, a); it has the 
following structure of a Hilbert (a, a)— (p, p)-bimodule: 

The author thanks P. Goldstein for drawing his attention to these references. 
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!l, s >— » I o s 
s,m\-^som . . 

(s,t) R := s*ot£ (p,p) 1 • ; 

(s,t) L := sot* £ (a, a) 

where s,t 6 (Pjf), jti 6 (p, p), / G (u,(t). As for example in J2l| we 
construct the exterior tensor product A ® (p, cr), that is a right Hilbert 
C*-module over the spatial tensor product j4 ® (p, p). In order for more 
concise notation we write (p,a) A ~ A® (p, a), while the symbol {p,cr) A 
will indicate the algebraic tensor product. We also adopt the Sweedler 
notation x := x\®X2,x\ £ A, X2 £ (p, cr) for elements of (p, cr) A . We now 
define a composition law 

(<T,r)a x (p,a) A -> (p,T) a 
extending naturally the one defined on C: 



:= yiai ® (2/2 o x 2 ) € (p, t)„ (3.2) 

where y £ (a,r) A , x £ (p,a) A . With an abuse of notation we also define 
an involution 

* : {P,cr)a -> {cr,p)a 

by setting 

(xi ® x 2 )* := a; J <g> xj. 

The following lemma shows that the extended composition and involu- 
tion are bounded, hence defined on the closures of the algebraic tensor 
products. 

Lemma 3.1. Let x £ (p, cr) A , y £ (a, t) a . Then 

(1) |M| 2 = ||z*z|| = |[xz*|] 

(2) |MI<lly|INI 

(3) W = ||x*|| 

Proof. 

(1) It is simply the definition of the 2-norm in (p, cr) A as a Hilbert 
C*-bimodule. 

(2) It suffices to observe that £*(||2/*2/|| — y*y)x is positive as an 
element of (p,p) A . 

(3) The isometry of the involution is obtained by embedding 
(p, cr) A via the composition law into the space of the bounded (p, p) A -linear 
maps of right Hilbert C*-modules from (p, p) A into (p, cr) A : if * £ (p,cr) A 
then x* is the adjoint of x as Hilbert C*-module map. □ 

In order to define the extension category we consider the category 
C A having the same objects of C and arrows (p, cr) A . The previous lemma 
implies that C A is a C*-category; we close for subobjects and obtain in this 
way a C*-category C A whose objects are the projections e £ (p,p) A . We 
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call C A the extension of C by A. By definition, the spaces of intertwiners 
in C A are given by 

(e, /) := | a; £ (p, a) A : :re = /a = x| 

where e £ (p,p) A ,f € (<r, <r) A . Also by definition (e, /) is a Hilbert (e,e)- 
(/, /)-bimodule. In particular the following bimodule action of the center 
Z of A is defined: 

(2: := (g> l CT )a; = x( := :r(£ (g> 
where ( 6 2, 1 6 (e, /). 

In the case in which A is non unital we define C A := C A , where 
A + := A ffi C. This definition is motivated by the fact that spaces of 
intertwiners of an object of a C*-category have to be unital C*-algebras. 

Proposition 3.2. Let C be a C*-category, A a unital C*-algebra. Then 

(1) C A has subobjects; 

(2) If C have direct sums, then so does C A . 

Proof. The first assertion is obvious. For the second one, let e 6 (p, p) A , f 6 
(ct,ct) a ; then 1 T = vov* +wow*, l p = v* ov, 1 CT = w* out for some object 
r in C and we can define the isometries v e := 1 ® v • e, Wf := 1 ® w • f. 
Thus the projection g := v e v* e + Wfwj £ (r, r) A is a direct sum of e and 
/■ □ 

Before we state some simple functorial properties of the above con- 
struction let us introduce the following terminology: a functor between 
two C*-categories is said to be a C*-functor if commutes with the invo- 
lutions and the maps induced on the spaces of arrows are bounded and 
linear. 

Proposition 3.3. The operation C,A^ C A of assigning an extension to 
a C* -category depends covariantly on the C*-algebra and covariantly (con- 
travariantly) on the category, corresponding to covariant or contravariant 
C* -functors on C. 

Proof. Let C be a C*-category, 4> : A ^ B & C*-algebra morphism. We 
construct a pullback C*-functor <f>* : C A — » C B . Now there exists, for each 
object p in C, the C*-algebra morphism 

<j> ® id (p , p ) : (p, p) A -> (p, p) s ; 
we define <f>*(e) := <f>®id( PtP )(e). Now, as || (f> ® id( PtP ) (x) | < ||x|| for each 
x in (p,p) A , we define the bounded linear maps 

<f>* ■ (P,°-) A -> (P,°-) B 

by setting 

4>,{a ® s) :— 4>(a) (gi s, 

By definition 4>,(yx) = (f>*(y)4> t (x), so that 4>,(e,f) C (</>*(e), 0*(/)). 
Let now F : Ci — > C2 be a C*-functor; we want to define a C*-functor 
F : C A — > C A . We observe first that for each object p in Ci the C*-algebra 
morphism 
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id A ®F: {p,p) A -» {Fp,Fp) B 



is induced, so we define 



F A e := (id A ®F)(e). 



Again, as id A ® F is bounded, we find that the maps 

F A (xi ® x 2 ) := xi ® F(x2), 

where x ~ xx ® x 2 £ (p,a) A , can be extended to (p, <r)' 4 . It is triv- 
ial to check that composition and involution are preserved. The proof 
for contravariant C*-functors follows the same lines by using C*-algebra 
antihomomorphisms. □ 

Corollary 3.4. IfC has direct sums, every pullback C*-functor (j>* : C A — » 
C A preserves direct sums in C A . 

Proof. Let e, / be objects in C A . With the notation used in the proof of 



Prop. 3.2, it suffices to verify that (j>*(vevl + w e u>l) is a direct sum of 



In order to emphasize a topological point of view we will adopt in the 
following the notation C n to indicate the extension of C by a commutative 
C*-algebra A = C(f2); in the same spirit we write (p, <t)° := (p, <r) c(n) ~ 
C(f2, (p, a)) for each pair of objects p,a in C. Let <p : Of — > Q be a 
continuous map of compact Haussdorff spaces. Applying the previous 
proposition we get a pullback functor ip t : C Q — > C Q . If ip is the inclusion 
{ui} <—> 57 we call the associated functor the fiber functor of C n over uj 
and use the notation w» : C n — > C w . oj* associates to objects and arrows 
of C n , regarded as continuous maps, their evaluation in u>. Note that by 
definition C u is isom orphic to the closure for subobjects of C. 



Proposition 3.3 fails for multifunctors. Let in fact F : C\ x C\ — > C2 be 
a C*-functor; proceeding with the same argument we could try to define 
a map 

F A : (p,a) A x (p',a') A - p'), F(a, a'))^ 

by the expression 

F (xi ® X2,a;i ® a; 2 ) := Kixi ® F(a;2, a; 2 )- (3-3) 

In order to verify that this map preserves the composition, let x € (p,o~) A , 
x' G (p>')a , y G (ff,r)£, y' G (<t',t')« • Then we have 

F A {yx,y'x') = yxXiyWi ®F{y 2 ,y' 2 ) oF(x 2 ,x' 2 ); 

however 

F A (y, y')F A (x, x) = yxy' x xxx'x ® F(y 2 ,y' 2 ) o F(x 2 ,x 2 ) 

so that unless A is commutative there is no natural way to define F A . We 
specialize for the moment our discussion to the commutative case, but 
will return to the general case in the subsequent sections. 
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Proposition 3.5. Let C be a C*-category, Q a compact Haussdorff space. 
Then 



(1) Each C*-functor F : C\ x Ci — > C2 induces a C*-functor F n : Cp x 
Li — » C 2 . 

(2) C n «s a strict tensor C*-category if C itself is so; the space of in- 
tertwiners of the identity object lq := 1 (g> l t in C n is (to,, in) — 
C(fi) <& ((., t), where 1 is the identity object in C. 

(3) C n is symmetric if C is symmetric. 

(4) //C /las conjugates, then so does C n . 



Proof. The computation above shows that the map (3.3) preserves the 
composition of arrows in C n . Using commutativity of C(fi) it is also 
verified that F n preserves the involution. Now, thanks to the C^-identity, 
in order to verify that F n is bounded, it suffices to show this just in the 
case where the domain object coincides with the codomain. We note that 
the map s 1— > F(s, la) defines a morphism (p, p) —* (F(p, a),F(p, a)), that 
we extend to a morphism F^ : (p, p) a — » (F(p,a), F(p,a)) c> tensoring by 
the identity on C(fi). Thus, for x G (p, p) n , the inequality ||_F"(x)|| < ||x|| 
holds. Now for x £ (p,p)^,y G (a, a)^ we have 

F c >(x,y)=F c >(x,l < ,)F n (l p ,y) = F?(x)F?(y) 

so that 

||f n (x,y)|| < ||x||||y||. 

Thus we can extend F n to (p, a) n and define, for each pair e, / in C n , the 
object F n (e, f) in C2 that can be expressed conveniently by the following 
formal expression 

F n (e,f) := ei/i®F(ea,/ 3 ). 
We pass now to prove the second point. We define the tensor product on 
C n as the C*-functor 

e f '■= e i/i ® e 2 x / 2 
induced by the tensor product on C; with an abuse of notation, we write 



1x5:= xiyi ® x 2 x 2/2 

to indicate the tensor product of arrows in C n . By (1), the only properties 
we have to prove are strict associativity and the existence of an identity 
object. Strict associativity follows by using the strict associativity of the 
tensor product of arrows in C. For the symmetry, we define 

9a(e,f) ~l®6(p,a)-ex f 

(in the previous expression we regarded e, / as the identity arrows of 
(e, e), (/, /)); the properties of symmetry are verified with direct compu- 
tations. For the existence of conjugates, we observe that C n as defined 
at the beginning of this section obviously has conjugates. Then we apply 
J23) , Th. 2.4, where it is shown that each subobject of an object having 
conjugates itself has conjugates. □ 
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The following result emphasizes a geometrical interpretation of C . 
Roughly speaking we can say that while a C*-category is the categorical 
analogue of a C*-algebra, C n is an example of the categorical analogue of 
a continuous field of C*-algebras. 

Proposition 3.6. Let C be a C*-category closed for subobjects, £1 a com- 
pact Haussdorff space. Then 

(1) Each object e in C n defines, via the fiber functors w* : C Q —* C, a 
family {e^j^gQ of objects in C, called the fibers of e; 

(2) The involution on C n is defined fiberwtse, i.e. * o u, = w, o * for 
each uj € Q; 

(3) For each e, / objects in C n , the space of arrows (e, /) defines a locally 
trivial continuous field of Banach spaces 



{(e,/),w»:(e,/)^(e u ,/ u )}, (3.4) 

over O, with fibers the spaces of intertwiners (e^, f^) of the fibers of 
e, f in C. 

(4) If C is strict tensor the tensor product defined on C n induces on the 
spaces of arrows morphisms of continuous fields of Banach spaces. 

Proof. The first and second points are obvious. For the third point, note 
that e € (p,p) n ,f £ (<j, o) n can be regarded as continuous functions lu i— > 
e(oj), f(w). Then we consider in C the subo bjects e^ := u>,(e), f u := 



defined by e(ui), f(u>), and prove that (3.4) is a continuous field of Banach 
spaces. If a; £ (e, /) C (p, <r) n then the continuous function u) x{uj) 
is defined; we put x^ := oj*{x) £ (e^,/^) and observe that (e„,/„) is 
isometrically isomorphic as a Banach space to (e(u), f(ui)) C (p, o) via 
the map s i— > tu u s»*, where s € (e^, f^), v^v^ = = e^yW^w^ = 

lf a i w <*> w Z — Thus 



IMI = IkMH (3.5) 

and the function u) is continuous. The equality ( [j.5] ) implies also 

that = supHi^y. We already know that (e, /) is a Banach C(fi)- 



module, so have proved that (3.4) is a continuous field of Banach spaces. 
We postpone the proof of local triviality until the next lemma. Finally, we 
have to prove that the map x, y i— > x x y, x £ (e, e'), y £ (/, /') preserves 
the fibers, i.e. uj^(xxy) — uj. m (x) x a;* (y), but this is obvious regarding x, y 
as continuous map and recalling the definition of the fiber functor. □ 



Lemma 3.7 (Local Triviality). Let e, / be objects in C . Then 

(1) If the maps u> i— > e(ui),f(uj) are constant there exist objects po,o~o in 
C such that there is an isomorphism of continuous fields of Banach 
spaces (e, /) ~ (po,cro) n ; 

(2) Each point uj in Q admits a neighborhood U such that there is an iso- 
morphism of continuous fields of Banach spaces (e,/)^ ~ {e^,fj) u ■ 
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Proof. We define po := e w , o~o '■= fu> ■ By hypothesis there exist isometries 
v 6 (p,po),w £ (a, ao) intertwining e, / with the units arrows 1 P0 ,1 CT0 . 
Thus the map x wxv*,x G (e, /), defines the isomorphism between 
(e, /) and (po,ero) n . For the second point, since e £ (p,p) n ,f S (c, 
for each w there exists a closed neighborhood U such that ||e(w) — e(o/)||. 
||/(w)-/(w')|| < 5 < l,w' 6 (7. This implies that e^,/^ and the 
constant maps ejy := e(u),fv := /(^) are Murray- Von Neumann equiv- 
alent as elements of the C*-algebras (p,p) u , (<r, cr)* 7 . Applying (1), since 
eu,fu are constant maps, there must be an isomorphism (e,/)!^ ~ 



Some examples of extension categories follow. 

Example 3.1. The category of finite dimensional Hilbert spaces is a ten- 
sor C*-category if endowed with the usual tensor product. To get an 
equivalent strict tensor C*-category we proceed as in ^] and consider 
the category Hilb with objects the positive integers n € N and arrows the 
spaces ofnxm matrices (n,m) := M„ im . The tensor product on objects 
is the multiplication, while on arrows it is defined by the "lexicographical" 
product for matrices (see for example §1.4). The extension Hilb n is 
the category of projective, finitely generated C(f2)-modules hence, by the 
Swan-Serre theorem |^|, equivalent to the category of Hermitian vector 
bundles over Q. In the non commutative case we get the finitely generated 
projective (right) Hilbert ^4-modules. 

Example 3.2. Let G be the category of unitary, finite dimensional, con- 
tinuous representations of a compact group G. Each object (n, it) in G 
is a topological group map G — > XJ„ into the unitary group of the n- 
dimensional matrices. An object in G n is a projection e u in M n CS> C(fi) 
that commutes with the action of G induced by u and, given (n, u), 
{m,v) objects in G, the intertwiners t £ (e u , f v ) are continuous func- 
tions from into the space ofnxm matrices and satisfy the relations 
t = te u = f v t,v g t — tug for each g 6 G. Hence we get the category of 
G-Hermitian vector bundles with trivial action of G over the base space fi 
(H §1.6, jwj §1.6). The non commutative analogue is given by the finitely 
generated projective Hilbert A-modules carrying a unitary representation 



Example 3.3. We can generalize the previous example by considering 
the category of finite dimensional (co)representations of a unital Hopf C*- 
algebra (A, A), i.e. a compact quantum group in the sense of Woronowicz 
(see for example the introductory paper ^| and related references). This 
is a strict tensor C*-category having direct sums, subobjects and conju- 
gates. The objects are given by pairs (n, u), where u £ M n (g> A satisfies 



while an arrow x from (n, u) to (m, v) is an n x m matrix such that 
v{\ ® x) = (1 ® x)u. An object in the extension category over fi is then a 
Hermitian vector bundle £ carrying an injective comodule action by A, in 
the sense explained below: the tensor product £ Cg> A is naturally endowed 
with the structure of a vector yl-bundle in the sense of J2^] . Then a vector 
bundle morphism ip u : £ — > £ gj A is induced, defined fiberwise by setting 



□ 



of G. 




k 
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<8> 1), ( 3 - 6 ) 

where ui G Q, £ w £ B w — C n . Now tensoring again with A we obtain 
a vector A ® ^4-bundle and ids ® A induces a vector bundle morphism 
£®A—*£®A%A. Then we have the identity 

{ids ® A)ip u = (g> idA)<fiu- 

Note that similar comodule actions over vector bundles can be defined 
more generally for continuous fields of Hopf C*-algebras. 

Example 3.4. Let A be a unital C*-algebra with trivial center. Then 
the category endA |14| , having as objects the endomorphisms of y4 and 
arrows 

(p, a) = {t £ A: tp(a) = a(a)t, a £ A} , 

is a strict tensor C*-category if endowed with the tensor structure given by 
the composition of endomorphisms and tensor product on arrows defined 
by r x s := rp(s) — p'(s)r, r £ (p,p'),s £ (a, a'). We consider the 
extension category end n A having as objects the projections in (p,p) n . 
Let p £ endA such that the space of intertwiners (t, p) is a not null 
Hilbert space in A (in the sense of [pSl); given an object e in end n A we 
can regard it as a projection on (t, p) and get in this way the continuous 
field of Hilbert spaces Tt e := e(i,p) n , embedded as a C(f2)-bimodule in 
C(fl)®A in the sense of 0. Now if (l, P ) is finite dimensional W e is finitely 
generated as C(f2)-bimodule; thus, given a set of generators {ipk} of TL E , 
there exists an endomorphism p e of C(Q.) ® A defined (independently from 
the choice of the i/'fc's) by the map a t— > ~}2^kCtipki a £ C(fi) (8> A Note 

that p e is a C(r2)-module map. 

Our purpose is now to give a description of the objects of C n in terms of 
principal bundles, giving a categorical version of well known facts about 
vector bundles, such as the Swan-Serre Theorem. In the following, C 
will denote a C*-category closed for subobjects. In order to simplify the 
exposition we will assume that fl is connected. 

Lemma 3.8. Let e be an object in C n . Then for each uj,uj' £ 51 the 
associated fibers e^e^/ are unitarily equivalent in C. 

Proof. By compactness of SI and continuity of e there exists, using the 
argument of the local triviality lemma, a finite open cover {Sli} such that 
e(u) and e(u/) are Murray- Von Neumann equivalent as elements of (p, p) if 
us and u>' belong to the same fii. Now there must exist some u>" belonging 
to Qij, so that the Murray- Von Neumann equivalence class of e(cu) is 
constant as u> varies in QiUQj. Q being connected, we obtain that e(ui) and 
e(ui') are equivalent for each u>,ui' ', so there exists an isometry such 
that u — e(o»'),«*/ u v u i >u — e(ui). The claim of the lemma now 

follows observing that, by definition of e w , e(u>) = w^w^, l e „ = w^w^, 
so that u w / >a , := w u iv w i <u w u is a unitary arrow in (e„,e„/). □ 
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Definition 3.9. Let e G (p, p) be an object in C . A trivialization of e 
is a family (pa, {fli, Vi} { ) where po is an object in C, {Qi} is an open cover 
of ft and Vi € (p,po) n * satisfy the relations e\ n , = v*Vi, 1 P0 = vtv* . 

Lemma 3.10. Let e be an object in C n . 

(1) e admits a trivialization (po , , Vi} { ) . 

(2) There is a continuous map ay : f2y := fij PI flj — + (po, po) such that 

CtijCtij — ^-ij^-ij — Ipo ? OLijOLjk — Q^zfc in £lyfc . 

(3) The equivalence class of ({£li} , {ctij ■}) in -ff 1 (fi,U P0 ) does not de- 
pend on tfte choice of the trivialization of e. 

Proof. The existence of the trivialization follows from local triviality and 
the previous lemma. Now given the trivialization (po,{0,i,Vi} i ), ay := 
ViV* then satisfies the conditions required in the second point. Regard- 
ing the last point, we fix a fiber po of e and consider two trivializations 
(po, {fij.Ui}-), 03o,{flj,Wj}j), defining ay := := v[v'^. Then 

ay = ii«aj m u* m , where Uu = Viv'*. □ 

Proposition 3.11. Let C be a C*-category closed for subobjects and Q a 
connected, compact Haussdorff space. Then for each object e in C n there 
exists an object po in C, defined up to unitary equivalence, and an element 
8(e) in the cohomology set H 1 (Jl,XJ P0 ). Two objects e and f in C n are 
unitarily equivalent if and only if 5(e) = S(f). 

Proof. Define <5(e) to be the class in H 1 (fi, U po ) of the cocycles com- 
ing from trivializations of e. If e = uu* and / = v*v are unitarily 
equivalent then we can choose the same fiber po for e and /, and if 
({fij},{ay := ViVjj) is a cocycle for e, then (po, {fii, Viv}^ is a trivi- 
alization of / defining the cocycle ViW*v* = ay so that 8(e) = 8(f). Let 
now e and / be such that 8(e) — 8(f). Then there are two equivalent cocy- 
cles ({fii} , {ctij := vtv* }), ({fij} , {ct lm := associated respectively 
to e and /, and there exist continuous maps Un from fii fi fi; into U po 
such that ViV 1 - = uav[v'^u* m . We define w it := v[ *u* u Vi £ (e, f)\ n . nn r, 
then w* a w u = e\ n . nn , ,w u w*, = /| n . nn , and t"«ln ijn n{ m = ^ m ln y nnJ m 
so that we can clutch together the Wa's and obtain an isometry w inter- 
twining e and /. □ 



4 Continuous Fields of DR-Algebras. 



In this section we prove the main result about the interpretation of DR- 
algebras associated to objects in C n as continuous fields of C*-algebras. 
We state the result for C n , but the argument works without substantial 
changes for 'continuo us f ields of C*-categories' satisfying the properties 



stated in Proposition 3.6. We will assume in the rest of this section that 
C has subobjects. The following lemma states a sufficient condition to 
be the tensoring with the unit arrow an isometric map; recall that we 
need this property to construct the inductive limits structures in the DR- 
algebra. 
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Lemma 4.1. Let e G (p, p) n be an object in C n . If \\s\\ = ||s x l e „ || for 
each fiber e^ of e, s G (a, a'), then \\x x e|| = ||a;|| for each x G (/,/') C 



Proof. By Proposition i.t follows that for each u> G O, there exist isome- 
tries t) u , w u providing an (isometric) C*-algebra isomorphism 

((/e)H,(/'e)H)^(/ w e w ,/: ei ,) 
y{uj) ^ x ■ ■ v* x it;* 

so that 



x e(w)|| 2 = \\x(u)*x(u) x e(w)|| 

= x ■ x(luYx(lj) x e(ui) ■ u* x w* || 

= \\v u x(u)* x(u)vt x 1 P J 

= \\v u x(cj)*x(uj)vZ\\ = \\x(uj)\\ 2 . 

This proves the lemma. □ 

In the case in which the isometry of tensoring on the right with a unit 
arrow is not verified we can quotient as in jwj, §4 for each fiber, so that 
the hypothesis of the previous lemma is satisfied. In the following we 
assume that e satisfies the hypothesis of the previous lemma. We start by 
stating a triviality result. 

Lemma 4.2. If e is a constant map then there is a C*-algebra isomor- 
phism O e = c(n) ® O po . 

Proof. By the first point of the local triviality lemma there exists an 
isometry v G (p,Po) and a family of Banach space isomorphisms 93* := 
(ipS ) r , defined by 

VV (x) :=v xv € (p ,Po ) 

where x G (e r ,e r+fe ). Hence tp^ defines an isomorphism of Z-graded C*- 
algebras 

°a = 0(c(«)®o p fc o ). 

k 

□ 

Lemma 4.3. For each k G Z, 0* the structure of a locally trivial 
continuous field of Banach spaces {O k ,uj, : — > O^). 

Proof. Tensoring on the right with e gives the isometric embedding of 
continuous fields of Banach spaces 

(e r ,e r+k ) ™> (e r+1 ,e r+fe+1 ) 
x 1 — > x x e 

and we have the commutative diagram 
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(e r ,e r+fe ) 



fe r e 



r + fc\ 



(e; 



so that the evaluation over to is well defined for O k : 



w, : 0* 



ex 



The properties of continuous fields of Banach spaces are naturally inher- 
ited by the continuous fields (e r ,e r+k ). For local triviality, it suffices to 
note the compatibility of the local charts defined above with the inductive 
limit structure. □ 

Let now E be a subset of fi; we define °0 e ,E := {O k tS } fcez i where 



Since < ||a;|| oneach0" F the norm ||a;|| 



sup u 



la^H is defined, 



so that O k s has the structure of a Z-graded C*-algebra. We indicate the 
associated C*-algebra with the notation O e ,s; it is naturally equipped 
with the evaluation morphisms iTu(x) := i u € Ce^, a; 6 O e ,s. 

We now observe that the fiber functor cj» : C n — * C induces, by |l<f , 
Th. 5.1, a C*-algebra morphism 



By abuse of notation we denote this morphism by w». The following 
lemma will imply the local triviality of the continuous field defined by O e . 

Lemma 4.4. For each luo in £1 there are a neighborhood U of uiq, an 
isomorphism ctu : O e ,u — > C(U) ® Ce^ ffl^d a family (a u ) w gc/ o/ isomor- 
phisms etui ■ Oe u — » O e „ smc/i iftaf, /or eac/i u> E U, o 71"^ = a;* o ay . 

Proof. The existence of ay follows by the previous lemmas and the iso- 
morphism is constructed with an isometry vjj £ (p, p) u such that VyVu — 
e\jj, vuVy = e{ujo). We have also, for each u, isometries w u , w' u imple- 
menting the following Banach space isomorphisms 



r+k\ 

UJ 7 °W ) 



r,k 



(e'( W ),^*( W )) 



(• r r+fex 
r.fe 

VM,e r+ Vo)) 



the map defined by the upper horizontal arrow providing the isomorphism 
a w that, by construction, satisfies the condition required. □ 



Corollary 4.5. For each x in O e , the norm function uj ||a5 w || * s con- 
tinuous, and \\x\\ — \\x\\ n := sup \\x^ \\ . 
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Proof. Let luq S £2; then for w in a suitable neighborhood of coo 

= llawX^II = ||(ac/x)(u;)|| 

and the last term is a continuous function as to varies in U. To prove 
the result about the norm of x it suffices to check that ||-||„ has the 
required property w.r.t. the circle action. But it is obvious that ||-[| n = 

y z o.\\ n ,zeT. □ 

The previous results imply the following 

Theorem 4.6. Let C be a strict tensor C*-category closed for subobjects, 
fi a compact Haussdorff space. If e is an object in C n , then O e is the 
C*-algebra of a locally trivial continuous field (O e ,aj» : O e — * O eui ), where 
each O euj is the DR-algebra of an object e u £ C. If e,f are unitarily 
equivalent objects in C n , then the associated C*-algebras are isomorphic 
as continuous fields. 



Recall that by Prop. 3.11 every object e in C n is described up to unitary 



equivalence by an element of a cohomology set H 1 (£2, U p ). Now (see 
Sec. 2), for each object p in C th e canonical C*-dynamical system {ip,O p ) 



over Up is defined. By Cor. 2.3 there is an application ip* from H x (yi, U p ) 
into H 1 (tt,autOp). We have the following: 

Proposition 4.7. Let C be a strict tensor C*-category closed for subob- 
jects, f2 a connected, compact Haussdorff space. 

(1) The element of H 1 (fl, autO p ) defined by O e is tp*(6(e)). 

(2) For each couple of objects e, f in C n , O e — Of iff <p*(5(e)) = 

MS(f))- 

Proof. Let (p, {QijVi}^ be a trivialization of e defining the cocycle onf.= 
ViV*; then the trivialization tfii : O e \ n . — > ® O p , with ipi(x) := 

<pl[ k (x),x £ (e r ,e r+k ), is induced on O e . Thus ({n^.jSij := ipiipj 1 }) is 
a cocycle for O e and for s G (p r , p r+k ) we have 



— v. 



= {v l v*{u)) r + k s{v l v*{u J )y r 

This completes the proof of the first statement. The second follows by 
Theorem □ 

The basic example to illustrate the previous results is given by the 
category of Hermitia n v ector bundles over a compact Haussdorff space 



£2. In this case Thm.4.6 implies that the DR-algebra Oe of a Hermitian 
vector bundle £ is the C*-algebra of a continuous field of Cuntz algebras 
over Q. We give here a brief description of such algebras, postponing a 
detailed study to a successive work. 

We start by considering the spaces of arrows (£ r ,£ r+k ) between tensor 
powers of £ ; recall that by general facts [E3 4.3, [S there is a natural 
identification 
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(£ r ,£ r+k ) ~ (a r s ,a r + k ) :={xeO £ : xa r e (y) = a r + k (y)x,y £ Oe] 

(4.1) 

where ae is the canonical endomorphism on Oe- In the case r = we 
have the trivial bundle t := f2 x C, so that (t, £) can be regarded as 
the module of continuous sections of £ and is generated by a finite set 
{tpi £ (t,£),l = 1,...,7V}. Now, each element of a fiber of £ being the 
evaluation of a section at a point u), we have 

&=X>(w)<lfc(w),£u,} 
f 

where £ w £f u . This fact is translated in the following relation on the ipi 's 
as elements of Oe 



X>v>r = i- (4.2) 

Note that every {£ r , £ s ) has a natural structure of a C(f2)-C(f2)-bimodule 
by considering the coinciding left and right actions given by multiplication 
with continuous functions over fl. In particular (i, £) is a Hilbert C(fi)- 
C(f2)-bimodule. We have the following 

Proposition 4.8. Let £ be a Hermitian vector bundle over a compact 
space Q, {4>i}fL 1 a finite set of generators for (l,£). Then: 

(1) Each (£ r ,£ r+k ) is generated as a right C(p.)-module by the sets 

(2) Oe is the Pimsner C*-algebra generated by (i,£) and C(fi); 

(3) Oe is nuclear; 

(4) The canonical endomorphism is inner, i.e. for each x £ Oe 

°~e(x) = 2J ^ixi/j*. 
i 

Proof. (1) The identity ( |4.2| ) implies that "Y^jipiip} = 1 where ipi := 
V>i 1 ..-V>i,. G (t,£ r )- Hence for t 6 (£ r ,£ r+fc ) we get t = '£i,ji>i^iT u , 
where Tu := ipjttpi £ (t, t) ~ C(fi). 

(2) By (1) it follows that Oe is generated as a C*-algebra by (t, £). 

(3) By |g] Of is exact, so that (see [^]) for every C*-algebra A 
the maximal and spatial tensor products Oe ®max A, Oe ® A each have a 
natural structure of a continuous field with fiber respectively O n (^\ ®max 
A, O n r u \ ®A, where n(uj) is the rank of £ in u). Since O n i w \ is nuclear the 
maximal and spatial norms coincide over the algebraic tensor product of 
Oe by A. 

(4) As ( t, £) = (t, as) we find that ae{t)ipi = for each t £ Oe- 
Then we apply (|4,2|). □ 
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We recall that if A C B is an inclusion of C*-algebras a Hilbert A- 
module in B [jll| is given by a subspace X of B closed under right multi- 
plication by elements of A and such that x*y G A, x, y 6 X. If there is 
a finite set {xi} C X such that, with p = xix* , x = px for each x G 
A then p is a projection, called the support of X, and we say that {xi} 
generates A" as a Hilbert A-module. By this definition it follows that (t, £ ) 
is a finitely generated C(f2)-module in Oe with support the identity. The 
previous proposition implies 

Corollary 4.9. Let £,T be Hermitian vector bundles over Q. 

(1) If Oe is isomorphic to Or then (l,J-) appears embedded in Oe as a 
C(fi) -module with support the identity. 

(2) If (i, J~) is a Hilbert C(Q)-module in Oe with support the identity 
then there is an isometric embedding Or Oe- 

The description of Oe as the C*-algebra generated by the module of 
continuous sections of £ supplies a picture in terms of generators and 
relations. Each set of generators {if>i} of ((.,£), regarded in Oe, satisfies 
the relations 



J2 ipiip! = 1 

(4.3) 

tpi -ipm = e im l 



where e im G C(fi). Note that (1.3) implies that (e im ) G Mjv ® C(Q) 



is a projection, in fact the projection associated to £ as a subbundle of 



Si x C . We can use (4.3) as starting point to give an alternative proof 
of the fact that each projection e G Mjv ® C(Q.) defines a continuous 
field of Cuntz algebras. We proceed on the line of 0] and generalize 
in the following way: let Q be a compact Haussdorff space, W„ the free 
*-algebra with identity 1 generated by n symbols Wi,...,w n . Then we 
can consider the *-algebra C(f2) ®W„ with certain relations n, over 
lc(ci) ® Wi,..., lc(fi) ® Since ri,...,r fc are relations in C(Q) ® W„, 
they define, for each uo G fi, a set of relations ri(u), rft(w) on W n , 
hence a C*-algebra ^obtained by closing W n /{^(w)} with respect a 
suitable C*-norm ||||^ (see j22| for details). Now, by evaluating continuous 
functions on lo, each element x of the *-algebra (C(Q) <8> W n ) /{»»} defines 
a vector field {a;^ G W n }■ H one shows that the norm function 

w !— » is continuous, the C*-norm := sup„ ||a;w||„ on (C(^) ® 

VV n ) /{fi} can be defined, obtaining a C*-algebra A endowed with natural 
morphisms : A — » A^. Hence (A, tt u : A — > A w ) is a continuous field 



of C*-algebras over f2. We now regard at (4.£) as a set of relations on 
C(fi) ® Wjv: then it is easily verified that the relations (i.c ) evaluated in 
w are equivalent to the relations defining the Cuntz algebra implemented 
by n u := rank(e(oj)) isometries {sfe(w)}^ 1 obtained as an orthonormal 
base of the vector space spanned by the symbols at the point u>. Thus 
the C^-algebra obtained at uj is the Cuntz algebra O ntlJ ■ The last thing 
we have to verify to get a continuous field is the continuity of the norm 
function. Expressing each generator (ipi) u in terms of the Sk{u))'s we get, 
using standard calculations, IKVO^Ilf, = e u{ UJ ), so that the norm function 
is continuous. 
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We now give the expression for the cocycle associated to the C*-algebra 
of a vector bundle Oe- As we showed in a more general setting in Prop. 
3.11, it is well known (cf. for example jnj) that the cohomology set 
H 1 ^, U„) classifies the Hermitian vector bundles with rank n over f2; 
now if £ is identified by the U n -cocycle ({fii} , {onj}) then the autO n - 
cocycle describing Oe is given by 



fo>.a«)(w)t := a ij (u) 9r+k ta ii {u) 9r *, (4.4) 

where t £ (n r ,n r+k ) C O n . 

Let us give an explicit example. Recall by Cor. 2.4 that every z £ 
i? 1 (f2,T) defines, for each n £ N, a locally trivial continuous field J- X>n 
having as fiber the Cuntz algebra O n . Furthermore it is well known that 
z can be viewed, up to cocycle equivalence, as a set of transition functions 



Zij : Qij — > T for a line bundle C over Q. Now, applying (4.4) we obtain 
that T z ,n is the continuous field associated to 9 n ® C, where n is the 
trivial rank n vector bundle over SI. 

We now prove the existence of non isomorphic vector bundles having 
isomorphic DR-algebras. By Th. 4.6 the C*-algebra Oc associated to 



a line bundle £ is a continuous field having as fiber the algebra C(T) of 
continuous functions over the circle, so that is itself commutative. We 
introduce for r < the notation C := (C)~ r . Note that (£, C) = C(T), 
so that (£ r , C s ) = (t,£ r_s ) and 

°O £ = 0(,,£ fe ). (4.5) 

feez 

Proposition 4.10. Let £ be a line bundle over a compact Haussdorff 
space SI. 

(1) The spectrum of Oc is the sphere bundle L\ ; 

(2) Oc m Oc 

Proof. (1) Let (fjj, Xij) £ Z (fi, T) be a family of transition functions 
for C. Then the sphere bundle d can be conveniently described by the 
transition functions s(Ay)(w ) z) := (u, Xij(u)z), with (u),z) £ Qij x T. 
Now, note that if ip £ (b,C ) then we have a local description of t/j in 
terms of continuous functions : f2j — » C satisfying the relation 

ipi(u) = Aij(w)^(w). (4.6) 

Let now 7Ti : C\ n . — * SI i x C be a set of local charts defining the transition 
functions (fij,Aij). We define continuous functions ipi : f2j X T — > C by 



setting V>i(w, 2 ) : = 4>i{u)z . Now, as by (4.6) the identity ipi°s(\ij) — ijjj 
holds, we find ipi-fti = i/'j '^j- We denote by ^> the continuous function on 
Ci obtained by clutching the maps j^j • 7Ti|. By extending the map ip 

ip in the obvious way we obtain an isometric *-algebra monomorphism 
°Oc » C(£i). By applying for every local chart the Stone- Weierstrass 
theorem on the factor C(T) in C(fii x T) we find that the extended map 
~: Oc — * C(Ci) is also surjective. 
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(2) By (4.5) it follows that °Oc = °Oc- An alternative way 
to verify the isomorphism is to observe that complex conjugation on the 
fibers induces a homeomorphism L\ ~ £*: on each local chart we define 
an(ui,z) := (cj,~z) and the identity 

s(X*j) = OtiS(\ij)a.~ l 

holds, so that a global homeomorphism is defined by clutching the maps 
cu. □ 

Of course the previous example is very peculiar, our C*-algebra Oc 
being abelian. Further examples relative to vector bundles with rank > 1, 
relating isomorphism classes of DR-algebras with topological A'-theory, 
can be given over the n-spheres. We refer the reader to a work in progress 
of S. Doplicher, P. Goldstein and the author. 

Keeping in mind the basic example of the C*-algebra of a vector bundle 
it is easy to obtain a similar description for the cases introduced in Sec. 
3. If u : G — » U n is a unitary representation of a compact group G and 
£ is the vector bundle defined by e G (u, u) n then we obtain an action of 
G into the unitary arrows in (e, e), so that on each space of intertwiners 
we have <p r g ' k {t) := g® r+k tg*® r ,t SE (e r ,e r+k ) (here we write g for u(g)). 
Note that the G-action commutes with the canonical endomorphism (see 
Sec. 2), and we have a grading preserving action by automorphisms of 
G on Oe- The fixed point algebra Oe,u is generated by the intertwiners 
(e r ,e r+fc )G := {t € (e r ,e r+fc ) : <Pg' k {t) = t] and has the structure of a 
continuous field of C*-algebras with fiber C*-algebras of the type Og 
defined in @. 

Similarly in the case of a representation (n. u) of a unital Hopf C*- 
algebra (A, A), by extending to Oe the map ( p.q ) we obtain the following 
coaction (see M| for a detailed study of similar coactions on Cuntz alge- 
bras) 

$„ : Oe -> O e ® A. 

As Oe is exact the map above is a morphism of continuous fields of C*- 
algebras (see |pc| ). We have the fixed point continuous field 

Oe.u ■■= {teOe :$„(*) =t (8) 1}. 



5 Non Commutative Extensions. 

In this section we discuss the existence of tensor structures on the exten- 
sion of a given strict tensor C*-category by a non commutative C*-algebra. 
In Sec. 3 we showed that in general these structures fail to exist; thus we 
have to modify our definition for C A , adopting a procedure that is just the 
abstract version of the left action on a Hilbert C*-bimodule. Construc- 
tions of the type we are going to expose have been considered for the case 
C = Hilb in @, §1.7 and glj ||, the second ones in the framework of 
the algebraic quantum field theory. 

We now start our general construction. Let C be a C*-category, A a 
unital C*-algebra with center Z. We consider endomorphisms 
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<t>:A^{p,p) A , (5.1) 

where p is an object in C, and call them amplimorphisms. Applying the 
methods of Sec. 3 we obtain a full subcategory Mod(C, A) of C A , with 
objects the amplimorphisms and arrows 

(*,iI>)m ■= (0(1), ^(1)). 

We also define the not full subcategory Bimod(C, A) having the same 
objects of M od(C, A) and arrows 

(0, VO := {x £ ((/>,■&) m : tp(a)x = x<j>(a),a £ A} . 

Note that each object e £ (p, p) z of C' 2 defines an amplimorphism e (a) := 
e ■ a ® l p — a ® l p ■ e. Thus there is the following sequence of immersions 
of C*-categories: 



A Bimod(C,A) <-> Mod{C, A) <-> C , (5.2) 

where the third is a full immersion. Each (</>, -0) has the structure of 
a Banach .Z-bimodule, with coinciding left and right actions ip(a)t = 
t(j)(a),t £ (cp,ip),a £ 2. The same definition for a £ A provides a structure 
of Banach ^-^-bimodule for (<f>,ip)M- 

Remark 5.1. Note that we could consider as well endomorphisms of the 
type tp : A — > (p, p) B , obtaining the corresponding structures of Banach A- 
B-bimodules. We denote the corresponding C*-category by Bimod(A, B; C) . 
In particular the categorical analogue of a Kasparov module can be de- 
fined as a couple (tp, F), where ip is an object in Bimod(A, B;C), F belongs 
to the ideal of "compact operators" K. v := (i, ip)m(<P, £)m C (<p, <p)m and 
satisfies the usual properties [F, 95(a)], (F 2 — l)ip(a), (F — F*)p(a) £ K v 
for every a £ A. 



As to be expected, an analogue of Prop. 3.2 holds: 

Proposition 5.1. Let C be a C*-category, A a unital C*-algebra. Then 

(1) Bimod(A,C) has subobjects; 

(2) If C have direct sums, so do A4od(A,C) , Bimod(A,C) . 

Proof. (1) Let e £ (0, 0) be a projection. As e is in the commutant 
of 4>(A) the amplimorphism a 1— > 0(a) • e is defined, so that Bimod(A,C) 
has subobjects. 

(2) As Bimod(A,C) is a subcategory of Mod{A,C) it suffices to 
prove the statement only in this first case. Let now : A — » (p,p) A , 
tp : A — » (<r, <r) A be amplimorphism. With the same notations used in 



the proof of Prop. 3.2 we consider a direct sum r of p, er in C Then 
we define v$ := 0(1) • 1 ® w, w,/, := i/>(l) • 1 ® iw and the map 5(a) := 
vl4>(a)vj, + w^ > ip{a)w^, from A into (r, r) A . We leave to the reader the 
verification that S is an amplimorphism and a direct sum for 0,-0. □ 



5 NON COMMUTATIVE EXTENSIONS. 



21 



Let now C be a strict tensor C*-category with identity object i. Our 
aim is to prove that Mod(C, A) can be endowed with a natural strict 
semitensor structure, while Bimod(C, A) becomes a strict tensor C*-category. 
In order to better illustrate our construction let us give an example: we 
consider the category endA having the same objects and arrows as endA 
as introduced at the end of Sec. 3, but flipped tensor product pa := nop, 
r x s :— a'(r)s = sa(r), r G (p,p'),s G (a, a'). We embed endA (not 
fully) in the category M{A) having the same objects of endA and arrows 
(p,<t)m '■= {x e A : x — a(l)x = xp(l)}. Each (p,a)M is a A-A-Hilbert 
C*-bimodule with (not commuting) left and right actions given by p and 
a. We have also the following semitensor structure: 

{pa := a o p 
$ T (t) := r{t) G (pr, ar) M ,t£(p,a) M 

By this definition the reason we choose endA instead of endA is evident. 
In endA the map <1? T would play the role of a left tensoring with an identity 
arrow, while we need a right tensoring to get a semitensor structure. The 
objects in M(A) define naturally Hilbert A-A-bimodules X p := {i,p) M 
embedded in A, on which we can define the tensor product 

X p <g> y a := {a(x)y : x G X p , y G y a } C (t, pa)M 

with A-valued scalar product {x (g> y, x' ® y') := y*a(x*x')y' . As ex- 
pected, we have an embedding of (p,p)_M into the C*-algebra of right 
A-module maps on X p ® y„ defined by 1 1— » a(t). 



We now start the construction of our tensor structures. We have to 
define a composition law for amplimorphisms; for this purpose we need 
the universal properties of both the spatial and maximal tensor product, 
as stated by the following 

Lemma 5.2. Let p be an object of C such that the maximal and spatial 
C*-norms coincide on (p,p)a- Then for each amplimorphism, ip : A — > 
(a,a) A a morphism ip p , p : (p,p) A — > (ap,ap) A is defined, given by the 
expression 

ip p , p {a® s) :— ip{a)i®ip{a)2 x s. (5.3) 

Proof. By property of the spatial tensor product we obtain, tensoring the 
identity on A with the right tensor product with 1 CT , a morphism 

i p : (a,a) A -> (ap,ap) A 
defined by i p (a(g>s) := a® s x l p . By composing with ip we get a morphism 

i p o ip : A — » (ap, ap) A 
the image of which commutes with that of 

>,p : (P,P) -» {o-p,ap) A 

defined by ja, p (t) := 1 (g> l p x t. Thus, by using the universal property of 
the maximal tensor product, we define ip PzP := (i p o ip) ® j a p . □ 
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The hypothesis of the previous lemma is satisfied if, for example, C 
has conjugates (see |23j, Lemma 3.2), or A is nuclear. In such a case we 
introduce on the objects of Bimod(C,A) the product 



4>ip := ip PiP o (j) 



(5.4) 



with identity the amplimorphism la '■ A —* (l,l) A defined by la(o,) := 
a <g> l t . We now state some relations in order to define a tensor product 
on the arrows of Bimod(C, A). First of all note that the previous lemma 
implies that the linear map 

Vv.p'M := i>{xi)i ®tp(xi)2 xi 2 £ (ap,ap') A 

is well defined as a Banach space map for x g (p,p') A (note that the 
notation is consistent with (5.3)). By verifying on the algebraic tensor 



products and as Vv,p' * s bounded we obtain, for x' G (p' , p") J 



tp p , p "(x'x) = i> p ', p 't(x) ■ ip p , p >{x). (5.5) 
We also consider for each p the Banach space map 

ip{v) ~ Vi ® 2/2 x ! P e (ap,a p) A 
with y G (a,a') A . Let now (f>, <f>' , ip, ip' be amplimorphisms with x G 
{p,p') A C (0,/), £/ G (tr,o- , ) A C Then for * G (p,p') A we find, 



with the same argument of (5.5) 



i P '{y) ■ Vw(*) = ip'p,p'{t) ■ ipiv)- 



So we define 



(5.6) 



x x y := i>' p „'{x) ■ i p (y) = i p i(y) ■ ip p y(x). 



(5.7) 



Proposition 5.3. Let A be a unital C*-algebra and C a strict tensor C*- 
category such that for each object p of C the maximal norm on (p,p) A 
coincides with the sp atial norm. Then, endowed with the tensor product 
defined in (5.^,) and (5. r i), Mod(C, A) is a strict semitensor C*-category 
and Bimod(C, A) is a strict tensor C*- category. 



Proof. We verify that x x y G {(j>ip, (f>'i>'); by (5. 5), (5 
a £ A, 



we obtain, with 



xxy <j)tp(a) = i>' PtP >{x) ■ i P (y) ■ ^ p , p (<f>(a)) 
= -<P'p,p'( x ) ■ ^' P , P (<t>{a)) ■ i p (y) 
= ^p'WM) ■ ip{y) 
= V PiP ,{4>'{a)x)-i p {y) 

= Vp>A<t > '( a ))-VpA x )- i r(y) 

= ip'(f)'{a) -xxy . 

The same computation for a = 1 shows that x x y G {(jnj), 4>^')m if 
x G (<f>,(f>')M, y G (ip,if}')M- The other properties of tensor product can 
be verified by routine computations. □ 
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Note that the space of intertwiners of the identity object la is isomor- 
phic to (t, b) A in the category Mod(C, A) and to ((,, l) z in the category 
Bimod(C,A). 

Example 5.1. The motivating examples come from the case C = Hilb. 
Then C z , Bimod(C, A), Mod(C, A), C A correspond respectively to the cat- 
egories of vector bundles over the spectrum of Z, Hilbert A-A-bimodules 
with arrows commuting with left and right action (Jl^] §1.7), Hilbert A- 
^4-bimodules, Hilbert ^-modules. Consider in fact an homomorphism 
4> : A — > M n ® A. Then we get a projective Hilbert A-A-bimodule X := 
|x 6 A® : 4>{l)x = x\; A acts on X on the left by a,i h> (j>(a)x and on 

the right by x, a i— > xa. The Hilbert .Z-bimodule X^ :— {x £ X : <f)(a)x — xa, a 6 ^4} 
is also defined. As expected we have a tensor product in the categories 
of vector bundles and Hilbert A-A-bimodules (choosing the morphisms 
commuting with the actions) , while only a semitensor structure is allowed 
on Hilbert v4-v4-bimodules, as well known. 

Example 5.2. Let 6 be a unital C*-algebra with trivial center. The 
objects of B imod (end B , A) are given by endomorphisms 

4> : A -> (p,p) A C A® B 

where p is an endomorphism on B. The identity object in Bimod (endB, A) 
is the natural immersion t : A <— > (ub,lb) A — A (3 1b, where lb is the 
identity automorphism on B; this implies 

(l,l)m = (ts,tfl) A ~ A, 

while 



~ ja; € (lb,lb) A : a® 1b ■ x = a ® Is ■ x,a G Aj ~ Z. 
Now for each <j) the following Banach space is naturally defined: 

X$ := (l,4>)m ■= | a; G (ts,p) A : 0(l)a: = a;} . 

is a Hilbert A- module in A®B with the usual A- valued scalar product 
and right multiplication. There is a left action of (<j), 4>)m an <A this implies 
that a left action a, x cf>(a)x of yl on X$ is defined. 



We now state some elementary properties of the DR -alg ebras associ- 
ated to objects belonging to the categories appearing in (5.2). We denote 
by the notation Oq^m the DR-algebra associated to an amplimorphism 
4> as an object of Mod(C,A). The following proposition is a categorical 



biec 

version of flllf] Prop. 3.4. 

Proposition 5.4. The inclusion functor Bimod(C , A) <— > Mod(C, A) in- 
duces a monomorphism i : 0$ c — > 0^ t M such that i(0$) C A' n 0</,,m- 
If for some r £ N the space of arrows (la,4> t ) contains an isometry then 
i(O i> )=A'r\0 4>! M- 
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Proof. The proof follows the same line as in jllj . For reader's convenience 
we expose some elementary facts about the first assertion. The embedding 
of the C^-algebras follows by funtoriality. Now, A is embedded in O^ai 
as the space of arrows of the identity object and if t G (4> r , <f) r+k ) the 
multiplication by a G A is given by 

at = a x (f)(1) x ... x 0(1) ■ t 
= ax <j, r+k (l)-t 
= 4> r+k {a)t = t4> r {a) 
= t ■ a x 4> r (l) = ta 

and this proves that arrows between tensor powers of <f> commute with 
elements of A. □ 

The following results characterize DR-algebras in Mod(C, A), Bimod(C, A) 
coming from 'commutative objects' belonging to C z . 

Lemma 5.5. Let A be a unital C*-algebra, C a strict tensor C*-category 
with identity object l such that (t, t) = C, e G (p, p) z an object of C z such 
that (l, e) is finitely generated as a right Hilbert Z-module. If <j) e is the 
amplimorphism defined by e, then for r + k > 0: 

(1) (e'\e''+ fc ) = (C,0e +fe ); 

(2) ((^e, </ ) e +fc )-M and (e r ,e r+k ) ®z A are isomorphics as Banach A-A- 
bimodules. 

Proof. Let t G (e r ,e r+k ). By definition of cj> e it follows that t (we write t 
for i(t)) belongs to {jf> r e , 4> r e +k ) if and only if commutes with a £ A; but 

at = a x e r+k ■ t 

= a^+'Oxti ® (e r+k ) 2 t 2 

— ati ®t 2 = tia ® ti 

— ta. 

Let now t G ((j) r e , <j) r f , +k )\ as (t, e) is finitely generated there exists a finite 
set {ipi} C (t, e) such that e = V'iV'i an d this implies that each (t, e r ) 
is finitely generated by elements of the type ipi := ip^ ...ipi r . Now we 
have seen that (t, e r ) C (t, (j> r e ) so that tu := ip}tipj G (t, t) ~ ^ and t — 
e r+k t = fe r = ^utuipiipj belongs to (e r ,e r+k ). For the second point, 
we define the map from (e r , e r+k ) ®z A into (4>e, ' )m by t ® a := at. 
As (at)*a't' = (a* a')(t*t') the map is injective, and by the argument of (1) 
if a; G {<$,, 4> r £ +k )M we get a decomposition a; = x u' t Pi 1 P*j^ x u S -A, 
so we have the surjectivity. □ 



Corollary 5.6. VFit/i £/ie hypothesis of the previous lemma, there is an 
isomorphism of C*-dynamical systems (Oe,o- e ) ~ (CV e ,0> e ). 

We apply the previous results to Hilbert C*-bimodules. Let X be the 
Hilbert C*-bimodule defined by the amplimorphism (f> : A — > A (g> M„ as 



in Example 5.1. By using the notations of |llj] and referring to example 
|5.l[ we get an isomorphism 00, ai — Ox A , where Ox A is the Pimsner C*- 
algebra associated to X, while 0$ ~ O a x a , where O a x A is the subalgebra 
of Ox A generated by the arrows for which left and right actions of A 
coincide. We denote by (X r ,X r+k ) the spaces of right ^-module maps 
from X r into X r+k , that are the arrows generating Ox A - As we stated in 
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the general case, there is an embedding O a x a '—* Ox A such that O a x a C 
A'nOx A . We say that A is normalin Ox A if A = (A'nOx A )'riOx A ■ Let 
now ax be the canonical endomorphism defined on O a x a - We say that 
ax is inner if X^ :=XC\0, x A is finitely generated as Hilbert ^-module 
and with support 1 in Qx A ■ 

Proposition 5.7. Let X be a Hilbert A-A-bimodule defined by an am- 
phmorphism (f> : A — > M n ® A, A normal in Ox A ■ Then the following are 
equivalent: 

(1) There exists a vector bundle £ over the spectrum of Z with module 
of section isomorphic to X^ and X ~ X^ ® z A; 

(2) a x is inner; 

(3) (Oe,a £ ) ~ (0 A x A ,a x ) and Ox A ~ O e ®z A 

Proof. As X^ is finitely generated it is isomorphic to a projective Hilbert 
^-module, hence isomorphic to the module of sections of a vector bundle 
£ . Now ax is inner if and only if the injective A-module map if) (g) a := ipa 
from X^ ®z A to X is surjective, so that the definition of the left ac- 
tion cj> is forced by <j>(a')(tpa) := ifi a'a. The equivale nce with the third 



statement is consequence of Lemma 5.5 and Corollary 5.6 applied to the 



projection e £ M„ <g> Z defined by A" . we obtain in this way the iso- 
morphism (Oe,ae) — (0 A x A ,ax), and a family of compatible Banach 
A-A-bimodule isomorphisms {X r ,X r+k ) ~ (£ r ,£ r+k ) ® z A. This im- 
plies the isomorphism between the algebraic tensor product °Oe ®z A 
and °Ox A - Now observe that by nuclearity of Oe there is a unique C*- 
norm defining the tensor product Oe ®z A (in the sense of jL9|, see also 
pj), that coincides with the norm on Ox A for which the circle action is 
isometric. □ 



Let £ be a vector bundle over a compact Haussdorff space Q. We 
endow 0\ with a structure of a Hilbert Og-Oj-bimodule by defining the 
right action ip ■ x := ipx and left action x ■ ip := ae{x)ip, where x £ Q%, 
ip € 0\ and as is the canonical endomorphism on Oe. Note that £ is 
generated by (t, £), on which left and right actions coincide. The previous 
proposition then implies (see [^9[ for an anologue result): 

Corollary 5.8. Let £ be a vector bundle over a compact Haussdorff space 
Q. Then 

(1) 0\~{i,£)® C (n)Ol 

(2) O i~ O e ®o(n) 0%. 



6 Final Remarks. 

This paper does not claim to be exhaustive. There are several interest- 
ing open questions that are the subject of the previously quoted work 
in progress between S. Doplicher, P. Goldstein and the author, first of 
all the geometrical characterization of the class of vector bundles hav- 
ing isomorphic DR-algebras. Another open question is the computation 
of the i^-theory of such C*-algebras; note that for DR-algebras jl6|, [jj 
a Pimsner-Voiculescu exact sequence holds, so the first step should be 
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the computation of the K-iheory of the zero grade algebra, that is an 
inductive limit of continuous fields of matrix algebras. 

The notion of extension can be used to introduce K-type functors. 
Given in fact a C*-category C with direct sums and a C*-algebra A we 
can consider the set of unitary equivalence classes of objects in C A ; we 
endow e it with the operation of direct sum (that is defined on C A by 



Prop. 3.2) and introduce the associated Grothendieck group Kc(A), that 
coincides with the usual K-theory of A in the case C = Hilb. Properties 
as funtoriality, homotopic invariance and additivity can be easily verified. 
We defer to a future work the analysis of the other homology properties 
(continuity, half exactness), as well as the study of inte resting cases (as 



the closure for direct sums of C — endB in Example 3.4) 



A further interesting point is the extension of Doplicher-Roberts dual- 
ity for compact groups to categories with not trivial space of intertwiners 
of the identity object. An important step in the theory is the crossed 
product of a C*-algebra by an endomorphism satisfying certain properties 
(namely permutation simmetry and special conjugate property, see 
in that case the C*-algebra has trivial center and the endomorphism is 
implemented by a Hilbert space in the cross product, while in the cases 
discussed here (for example the C*-algebra of a vector bundle) the canon- 
ical endomorphism is implemented by a finitely generated module over 
the center. The construction of such a generalized crossed product of a 
C*-algebra with not trivial center by an endomorphism should give the 
first step towards an extension of Doplicher-Roberts duality in the sense 
stated above. Some work in this direction has been done in ||, in the 
setting of Hilbert C*-systems. In this context free right modules over the 
center of the given C*-algebra appear, but the example of the C*-algebra 
of a vector bundle shows that more general objects can be considered, as 
the (not free) modules of sections of vector bundles. 
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